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Exercise. The sum A 4+ B of two subsets of R" is
A+B={x+y:x€ A ye B}
(a) Show if A is closed and B is compact, then A + B is closed.

Solution.

Let (a,) € A and (b,) C B. Also let (2,,) = (an, + b)) € A+ B s.t. (2,) — 2.
We want to show that z € A+ B.
Since A is closed,

if (a,) converges then (a,) — a € A

Since B is compact,

Ja subsequence (b, ) C (b,) s.t. (by,) > b€ B

Zp = ap + b, an = Zp — by,

I

Uny, = Zn;, — by,
Since (z,) converges, (z,,) C (2,) converges.

= (2, — by, ) converges

= (an,) converges

Since (an,) C A and A is closed, (an,) — a € A.
Thus, z=a+b€ A+ B, and A+ B is closed.

(b) Show sum A + B of two compact subsets of R™ is compact

Let (z,) C A+ B be a sequence. Then
(zn) = (an +b,) CA+ B and (a,) C A and (b,) C B

Since A and B are compact, Jsubsequences (a,, ) C (a,) and (b,,) C (b,) s.t.

(ap,) > a€ A and (bp,) = beB
— (an, +bn,) 2a+bec A+ B
— (2n,) >a+be A+ B and (2n,) C (2n)
— A+ B is compact




(c) Show the sum of two closed sets is not necessarily closed.

1
A=N and B={-n+—-:neN} areboth closed
n

— (1>CA+B and (1)—>0§ZA+B
n

n
. A + B is not closed




